Cofiniteness with respect to ideals of dimension one  by Melkersson, Leif
Journal of Algebra 372 (2012) 459–462Contents lists available at SciVerse ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Coﬁniteness with respect to ideals of dimension one
Leif Melkersson
Dept. of Mathematics, Linköping University, SE-581 83 Linköping, Sweden
a r t i c l e i n f o a b s t r a c t
Article history:
Received 11 April 2012
Available online 22 October 2012
Communicated by Luchezar L. Avramov
MSC:
13D45
Keywords:
Coﬁnite module
Local cohomology module
We prove that the category of modules coﬁnite with respect to
an ideal of dimension one in a noetherian ring is a full abelian
subcategory of the category of modules. The proof is based on
a criterion for coﬁniteness with respect to an ideal of dimension
one. Namely for such ideals it suﬃces that the two ﬁrst Ext-
modules in the deﬁnition for coﬁniteness are ﬁnitely generated.
This criterion is also used to prove very simply that all local
cohomology modules of a ﬁnitely generated module with respect
to an ideal of dimension one in an arbitrary noetherian ring are
coﬁnite with respect to the ideal.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let A be a (commutative) noetherian ring and let a be an ideal of A. An A-module M is deﬁned to
be coﬁnite with respect to a or a-coﬁnite, if M is an a-torsion module, (i.e. SuppA(M) ⊂ V(a)), having
the property that all the modules ExtiA(A/a,M) are ﬁnite.
When (A,m) is a local ring, the m-coﬁnite modules are precisely the artinian modules.
When a is an ideal of dimension one, i.e. dim A/a= 1, the following are known:
(1) The local cohomology modules Hia(N) are a-coﬁnite for all i and each ﬁnite A-module N .
(2) With the additional assumption that A is local, if M and N are a-coﬁnite A-modules and f : M → N
is an A-linear map, then also Ker f , Coker f and Im f are a-coﬁnite.
These results have been established in a series of papers starting with the investigation by
Hartshorne in [4]. He proved this under the assumption that A is a complete regular local ring and
the ideal is prime. Moreover Hartshorne showed that these two results need not hold when the
ideal has higher dimension. Delﬁno and Marley [3] and Yoshida [9] showed that (1) holds under the
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by Bahmanpour and Naghipour [1].
Delﬁno and Marley showed in [3] that (2) holds under the additional assumption that the ring A
is complete local and the ideal is a prime ideal. Recently Kawasaki [5] proved the assertion (2).
We show in 2.6 that also in (2) we need not the restriction that A is a local ring. Thus we prove
that if a is an ideal in a noetherian ring A, such that dim A/a = 1, then the a-coﬁnite modules form
a full abelian subcategory of the category of A-modules.
Moreover we give a new proof for (1) in 2.12.
The proofs of these results are based on 2.3. This theorem says that (when a is one-dimensional),
in order to deduce the a-coﬁniteness for a module (with support in V(a)), it suﬃces that we know
that the ﬁrst two Ext-modules in the deﬁnition for coﬁniteness are ﬁnite.
We give also for one-dimensional ideals a converse to [8, Corollary 3.10] in 2.10.
For facts about local cohomology we refer to the textbook by Brodmann and Sharp [2].
2. Theorems and proofs
Lemma 2.1. If a is an ideal of a noetherian ring A and M is an A-module, such that SuppA M ⊂ V(a)∩Max A
and 0 :
M
a is ﬁnite, then M is a-coﬁnite and artinian.
Proof. Since the module 0 :
M
a is ﬁnite and its support is contained in Max A, it has ﬁnite length. It
follows from [8, Proposition 4.1] that M is artinian and a-coﬁnite. 
The condition SuppA M ⊂ V(a) ∩Max A is satisﬁed if dim A/a= 0 and SuppA M ⊂ V(a).
Next we characterize the a-torsion modules M with the property that the submodule 0 :
M
a is ﬁnite
when we have a one-dimensional ideal a.
Lemma 2.2. Let a be an ideal of the noetherian ring A satisfying dim A/a= 1 and let A be an A-module such
that SuppA M ⊂ V(a). If 0 :
M
a is a ﬁnite A-module, then there is a ﬁnite submodule N of M and an element
x ∈ a, such that SuppA (M/(xM + N)) ⊂Max A.
Proof. There are just ﬁnitely many prime ideals p1, . . . ,pn ⊃ a, with dim A/pi = 1. We localize with
respect to the multiplicative set S =⋂n1(A \ pi). Then SuppS−1 A S−1M ⊂ V(S−1a), dimS−1A/S−1a = 0
and 0 :
S−1M
S−1a is a ﬁnite S−1A-module. By 2.1 S−1M is an artinian S−1A-module coﬁnite with re-
spect to the ideal S−1a. By e.g. [7, Corollary 1.2] therefore the S−1A-module S−1M/aS−1M is ﬁnite.
Hence there is a ﬁnite A-submodule N of M , such that S−1(M/(aM + N)) = 0. Put M = M/N . Then
S−1M (as a homomorphic image of S−1M) is an artinian S−1A-module. Furthermore S−1M = aS−1M .
Then by [6, 2.8], there is x ∈ a, such that S−1M = xS−1M . Therefore S−1(M/xM) = 0 and hence
SuppA M/xM ⊂ V(a) \ {p1, . . .pn} ⊂Max A. Together with the isomorphism M/xM ∼= M/(xM + N), this
proves our assertion. 
Theorem 2.3. Let A be a noetherian ring and let a be an ideal of A, such that dim A/a = 1. Let M be an
A-module with SuppA M ⊂ V(a). Then M is a-coﬁnite if (and only if ) HomA(A/a,M) and Ext1A(A/a,M) are
ﬁnite A-modules.
Proof. If not there is an A-module M , whose annihilator is maximal among those ideals, which oc-
cur as annihilators of A-modules which satisfy the hypothesis, but are not a-coﬁnite. Since 0 :
M
a
is ﬁnite, 2.2 implies that there are a ﬁnite submodule N of M and an element x ∈ a such that
SuppA M/(xM + N) ⊂ Max A. Since the module M/N satisﬁes the hypothesis, and M is a-coﬁnite if
M/N is, the module M/N cannot be a-coﬁnite and therefore the inclusion AnnA M ⊂ AnnA M/N is
in fact an equality. Thus we can replace M with M/N and assume that SuppA (M/xM) ⊂ Max A for
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a-coﬁnite module. Consequently x /∈ AnnA M . Consider the short exact sequences:
0→ xM → M → M/xM → 0
and
0→ 0 :
M
x → M → xM → 0.
From the ﬁrst exact sequence we get that HomA(A/a, xM) is ﬁnite. Using this we get from the
second exact sequence that HomA (A/a,0 :
M
x) and Ext1A (A/a,0 :M x) are ﬁnite A-modules. Since the
submodule L = 0 :
M
x of M now satisﬁes the hypothesis and AnnA L  AnnA M , we conclude that
L is a-coﬁnite. Therefore again making use of the second exact sequence we get that the module
Ext1A(A/a, xM) is ﬁnite. Again we use the ﬁrst exact sequence to conclude that HomA(A/a,M/xM) is
ﬁnite. Since SuppA M/xM ⊂ V(a) ∩ Max A, 2.1 implies that the module M/xM is a-coﬁnite. We have
shown that for some x ∈ a the modules 0 :
M
x and M/xM are a-coﬁnite. We get the contradiction that
M is a-coﬁnite, by applying [8, Corollary 3.4]. 
Remark 2.4. Let A = k[[x, y]], where k is a ﬁeld. The A-module M = H1xA(A) ⊕H1yA(A) has support in
V (a), where a = xyA. Since H1m(A) = 0, where m = (x, y), we get from the Mayer–Vietoris sequence
an exact sequence 0→ M → H1a(A) → H2m(A) → 0. The module H1a(A) is a-coﬁnite, but H2m(A) is not
a-coﬁnite. Hence M cannot be a-coﬁnite. Nevertheless 0 :
M
a is ﬁnite. In 2.3 we therefore cannot delete
the condition that Ext1A(A/a,M) must also be ﬁnite.
Lemma 2.5. Let A be a noetherian ring, a an ideal of A, such that dim A/a = 1. Let M ′ be a homomorphic
image of the a-coﬁnite module M. Then M ′ is a-coﬁnite if and only if 0 :
M′
a is ﬁnite.
Proof. Let g : M → M ′ be a surjective A-linear map and let K be its kernel. We assume that M is
a-coﬁnite and that 0 :
M′
a is ﬁnite. The exactness of 0→ K → M → M ′ → 0 yields the exact sequence
0→ HomA(A/a, K ) → HomA(A/a,M) → HomA
(
A/a,M ′
)
→ Ext1A(A/a, K ) → Ext1A(A/a,M) → ·· · .
Hence the modules HomA(A/a, K ) and Ext1A(A/a, K ) are both ﬁnite. Consequently 2.3 implies that K
is a-coﬁnite. Then also M ′ must be a-coﬁnite. 
Theorem 2.6. Let A be a noetherian ring and let a⊂ A be an ideal, such that dim A/a= 1. If f : M → N is a
homomorphism between a-coﬁnite modules, then Ker f , Im f and Coker f are a-coﬁnite modules.
Proof. We need only show that I = Im f is a-coﬁnite. This follows by applying 2.5 to I . 0 :
I
a ⊂ 0 :
N
a,
which is ﬁnite, because N is a-coﬁnite. 
Corollary 2.7. Let A be a noetherian ring and let a ⊂ A be an ideal, such that dim A/a = 1. Then the
(co)homology modules of a (co)chain complex consisting of a-coﬁnite A-modules are a-coﬁnite.
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A-module, and N is a ﬁnite A-module, then the modules ExtiA(N,M) and Tor
A
i (N,M) are a-coﬁnite for all i.
If x1, . . . , xr is a sequence of elements of A, then the Koszul cohomology modules Hi(x1, . . . , xr;M) are
a-coﬁnite.
Proof. Let F• → N → 0 be a resolution of N consisting of ﬁnite free A-modules and consider the
cochain complex HomA(F•,M) and the chain complex F• ⊗ M . Let K• be the Koszul-complex deﬁned
by the sequence x1, . . . , xr and consider the cochain complex HomA(K•,M) 
Remark 2.9. In particular 0 :
M
b and M/bM are a-coﬁnite for every ideal b of A. This means that the
two sets of ideals I0(a) and I1(a) in [8, Proposition 7.5] consist of all ideals, when dim A/a= 1.
Theorem 2.10. Let A be a noetherian ring and a ⊂ A an ideal with dim A/a = 1. If M is an A-module, such
that ExtiA(A/a,M) are ﬁnite for all i, then the local cohomology modules H
i
a(M) are a-coﬁnite for all i.
Proof. We do induction on i. Put L = Γa(M) and N = M/L and consider the exact sequence 0 →
L → M → N → 0. Since HomA(A/a,N) = 0, we get that HomA(A/a, L) ∼= HomA(A/a,M) and that
Ext1A(A/a, L) is isomorphic to a submodule of Ext
1
A(A/a,M). Hence L satisﬁes the hypothesis in 2.3
and we conclude that L is a-coﬁnite. It follows that for all i the modules ExtiA(A/a,N) are ﬁnite. Let
E be an injective hull of N and put P = E/N . Since N has no a-torsion, E has no a-torsion. Therefore
we get that ExtiA(A/a, E) = 0 and HiA(E) = 0 for all i  0. Consider the exact sequence 0 → N →
E → P → 0. We get for all i  0 the isomorphisms Hia(P ) ∼= Hi+1a (N) ∼= Hi+1a (M) and Extia(A/a, P ) ∼=
Exti+1a (A/a,N). Hence the hypothesis is satisﬁed by P . This completes the induction. 
Corollary 2.11. Let a and b be two ideals of a noetherian ring A, such that a ⊃ b and dim A/a = 1. If M is a
b-coﬁnite A-module, then the local cohomology modules Hia(M) are a-coﬁnite for all i.
Proof. Extia(A/a,M) are ﬁnite for all i, by [3]. 
Corollary 2.12. Let a be an ideal of a noetherian ring A. If dim A/a= 1, then for each ﬁnite A-module M the
local cohomology modules Hia(M) are a-coﬁnite for all i.
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